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Abstract. In this paper we study spaces of algebras over an operad (non- 
symmetric) in symmetric monoidal model categories. We begin by extending a 
result of Rezk for simplicial sets and simplicial modules to a general framework. 
We then apply this result to the construction of moduli stacks of algebras over 
an operad in a homotopical algebraic geometry context in the sense of Toen and 
Vezzosi. We show that the stack of unital A-infinity algebras with underlying 
perfect complex concentrated in a fixed interval is a formal Zariski open subset 
of the corresponding stack of non-necessarily unital A-infinity algebras. The 
analogue for associative algebra structures on a finite-dimensional vector space 
was noticed by Gabriel. 



Introduction 

Let Ik be a commutative ring. An associative algebra structure on a free k-module 
F of rank n with basis {ei,...,e„} C F = k" is determined by the structure 
constants c*^-, 1 < i,j,k < n, such that 



Ci ■ Cj — ^ ^ (^ijSk- 



k=l 



The associativity condition (e^ ■ ej) ■ ek — Ci ■ {cj ■ eu) is equivalent to the following 
identities of structure constants, 



n. 



m— 1 m— 1 



Therefore, the moduli space of associative algebra structures on a free module of 
rank n is the afhne subspace Spec R C A" , 

R = k[4 ■,l<t,j,k<n] ^ (c^^m-t - cLcfk) ;l<hJ.k,l<r}j . 

A unital associative algebra structure on F is given by an associative algebra 
structure together with a unit element 

n 

1 = ^a^e, e F 

i=l 
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satisfying the following equations, 1 < k < n, which are equivalent to 1 ■ Ci = 
Ci • 1, 1 < z < rt, 



(oi, . . . ,a„) 



-'In 



fe"' place 

(0,...,1,...,0), 



-11 



-■In 



1 









fe' place . 



Hence, the moduli space of unital associative algebra structures on a free module 
of rank n is the affine subspace Spec S C A" 



S = R[ 



ai, , 




i=l 



where Jfcfc = 1 and 5jk = ii j ^ k. 

The morphism / : Spec S — ^ Spec R consisting of forgetting the unit is induced 
by the inclusion R C S. This morphism is a categorical monomorphism since an 
associative algebra may have at most one unit. Moreover, / is an open immersion, 
compare iGab74l 2.1 Lemma] and [CB93. page 4]. 

Associative algebra structures are somewhat rigid. We are rather interested in 
them up to isomorphism. The algebraic group GL„ = Autk(i^) acts on Spec R. The 
orbits are the isomorphism classes of associative algebra structures. The isotropy 
group at a given point is the automorphism group of the corresponding associative 
algebra structure. 

In order to obtain a meaningful quotient which remembers all this, we must move 
to the category of stacks. The quotient stack 

Ass„ — Spec R/ GL„ 

is the moduli space of associative algebras on rank n vector bundles. The same 
applies to Spec S, and the quotient 

uAss„ — Spec S/ GL„ 

is the moduli stack of unital associative algebras on rank n vector bundles. The 
morphism / : Spec S — Spec R induces a morphism between these stacks 



/: uAss„ 



Ass^ 



which is again an open immersion [LMBOOl 5]. 

Up to equivalence, these stacks can be described as follows. The category Aff^ 
of affine schemes over k is opposite to the category of commutative (associative 
and unital) k-algebras. We assume this category is endowed with a subcanonical 
Grothendieck topology. For any commutative k-algebra R, let Ass„(i?) be the 
category of associative i?-algebras whose underlying i?-module is locally free of 
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rank n. Denote i Ass„(i?) the subcategory of isomorphisms. Change of coefficient 
functors give rise to a functor 

Aff^"^ — ¥ Groupoids, 
R i-> iAss„(_R), 

which is the functor of points of the stack Ass„. Similarly, if uAss„(i?) is the 
subcategory of unital associative i?-algebras whose underlying i?-module is locally 
free of rank n, the functor of points of uAss„ is 

Aff^"^ — > Groupoids, 
R iuAss„(i?), 

and the morphism / : uAss„ — > Ass„ is induced by the inclusion. 

In this paper we aim at studying moduli spaces of (unital) associative differen- 
tial graded (DG) algebras with a given underlying DG-module M, and the map 
induced by forgetting the unit. In the differential graded world, it is reasonable 
to replace Affjj with the opposite category of commutative differential graded Ik- 
algebras. Therefore we should work in a homotopical algebraic geometry context, 
in the sense of Toen and Vezzosi |TV08] . 

For any commutative DG-algebra R, denote Assm(-R) the category of associative 
DG-algebras whose underlying DG-module is locally quasi-isomorphic to M 
R (locally with respect to a model topology on Affk). Let w Assm{R) be the 
subcategory of quasi-isomorphisms (a.k.a. weak equivalences). We will show that 
the functor 

Aff^"^ — > Spaces, 

R \w Assm{R)\, 

defines a 1-geometric stack Ass jj whenever M is perfect (Theorem 15. 6|) . Here j*^] 
denotes the classifying space of the category Similarly for 

Aff^P — > Spaces, 

R 1-^ |wuAssm(^)|, 

where uAssm(^) denotes the subcategory of unital associative DG-algebras. This 
functor will define the 1-geometric moduli stack uAss ^.^ of unital associative DG- 
algebras with underlying object M. Since ASt is a stable model category in this 
context, all affine morphisms are flat, hence it would be reasonable to expect the 
morphism induced by the inclusion 

/: uAss jj — > AsSm 

to be a Zariski open immersion. We will prove that / is in fact a formal Zariski 
open immersion (see Corollary 15.141 for the specific statement in the appropriate 
context). The adjective 'formal' comes from the fact that / is not locally of finite 
presentation, unlike in the classical case. Actually, neither uAsS jj nor Ass ^/ is 
locally finitely presented. 

To prove these results, we will give an alternative construction of Ass . uAsS j.j, 
and / as a quotient of a formal Zariski open immersion between affine stacks of 
algebra structures by the action of the affine group stack ]R Aut [i,(M) of derived 
automorphisms of M. 
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In order to carry out this strategy we will have to overcome several difficulties of 
homotopical nature. The best way to study and compare different kinds of algebra 
structures is by means of operads. Moduli spaces of algebra structures over a given 
symmetric operad were considered by Rezk for simplicial sets and simplicial modules 
[Rez96] . These spaces are defined as mapping spaces in a simplicial model category 
of operads. His results were used by Toen and Vezzosi to show the existence of a 
moduli stack of algebras over an operad with a given underlying simplicial module 
in the context of derived algebraic geometry |TV08[ 2.2.6.2]. 

Symmetric operads on a given symmetric monoidal model category need not 
form a model category with weak equivalences defined as in |Hin971 IHin03[ 
IBM03j . and if so, the model structure need not be simplicial, which would be 
necessary to adapt Rezk's arguments. 

Since we are interested in associative algebras, we may choose to work with non- 
symmetric operads, which do have a transferred model structure Op('^) |Murlla1 
Theorem 1.1] whenever satisfies the two usual compatibility axioms between the 
monoidal and the model structures: the push-out product axiom and the monoid 
axiom jSSOO) . and some extra smallness assumptions (see this introduction's last 
paragraph) . 

The problem of Op('^) not being simplicial remains, and we devote most of 
this paper to develop techniques which avoid the use of a simplicial structure. 
Instead, we directly work with simplicial resolutions in the sense of Dwyer and 
Kan [DK80J to construct mapping spaces. For the computation of homotopy types 
of mapping spaces in Op(l^) we need general conditions under which change of 
base operad functors induce Quillen equivalences between categories of algebras. 
Such conditions are studied in [Murllaj . but the criteria therein are not general 
enough for our intended geometric applications. If we want to place our problem 
in an honest homotopical algebraic geometry context, unless k is a Q- algebra we 
must move from differential graded algebra to stable homotopy. More precisely, we 
must replace DG-modules over k with modules over the Eilenberg-MacLane ring 
spectrum i7k. The symmetric monoidal model category of i7k-modules is Quillen 
equivalent to that of DG-modules over k, and the former is better behaved than 
the later, except from the fact that i?k is not cofibrant as an i/k-module. This is 
why we need to prove [Murlla] Theorem 1.3] under weaker assumptions (Theorem 

EH]). 

The fact that / : uAss ^j — >■ Ass ^j is a formal Zariski open immersion (Corollary 
I5.14P will be obtained as a consequence of [ Murllb] . 

Our techniques are general enough to define moduli stacks of algebras over any 
non-symmetric operad. Even to consider saces of algebras living in a different (not 
necessarily symmetric) monoidal model category appropriately enriched over 
'f (i.e. a l^-algebra) satisfying the non-symmetric analogues of the two previous 
compatibility axioms [Murllaj . This allows to extend some of the aforementioned 
results to DG-categories. 

The paper is structured as follows. Section [1] is a reminder on operads and their 
algebras, we introduce some constructions and notation that will be used through- 
out the paper. Section [3] deals with endomorphism operads. They are not functorial 
in the argument but satisfy some homotopy invariance properties. In Section [3] we 
prove a new version of jMurllai Theorem 1.3] under weaker hypotheses. This the- 
orem studies when a weak equivalence of operads induces a Quillen equivalence 
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between their model categories of algebras. In Section|4]we compute the homotopy 
fiber of the functor which sends an algebra over an operad to the underlying object. 
Finally, we present geometric constructions in Section [S] 

We assume the reader familiarity with abstract homotopy theory. All we need in 
this paper is covered by standard references, such as |Hov99[ fHirOS] . When we talk 
about spaces we always mean simplicial set. We endow the category of bisimplicial 
sets with the Moerdijk model structure, where fibrations and weak equivalences are 
detected by the diagonal. Any bisimplicial set will be regarded as a simplicial set 
through the diagonal functor, and any object in a given category will be regarded 
as a constant simplicial object when needed. See jGJ99| for simplicial homotopy 
theory. For the last section, the reader should also be familiar with homotopical 
algebraic geometry |TV05| ITVOS] . 

When taking nerves of 'big' categories, i.e. categories with a 'class' of objects, 
we assume with no explicit mention that we are working with universes so that 
everything makes sense from a set-theoretical point of view in a larger universe. 

The tensor product in monoidal categories is denoted by eg) and its unit object 
by I. If we need to emphasize the category we are talking about we will add it as a 
subscript, e.g. €5^ and ly. Internal morphism objects in Y will always be denoted 
by Hom^. 

Extra homotopical standing assumptions on 'f and will be the following: 
these model categories are cofibrantly generated and they have sets of generating 
cofibrations and generating trivial cofibrations with presentable sources. These 
conditions are fulfilled if Y and are combinatorial. 

Acknowledgements. The author was partially supported by the Andalusian Min- 
istry of Economy, Innovation and Science under the grant FQM-5713, by the Span- 
ish Ministry of Education and Science under the MEC-FEDER grant MTM2010- 
15831, and by the Government of Catalonia under the grant SGR-119-2009. He 
is grateful to Behrang Noohi for his interest and for conversations related to the 
contents of this paper. 

1. OpERADS AND ALGEBRAS 

This section contains some background about operads and their algebras. 

Definition 1.1. A (non-symmetric) operad O in is a sequence of objects 
n > 0, together with composition laws 

Oj : 0(m) 0(n) — > 0{m + n-l), 1 < i < m, n > 0, 

and a unit morphism u: ly —i' 0(1) satisfying some relations. For instance, if Y is 
the category of modules over a commutative ring, the relations are: 

• (a Oj b) Oj c = {a Oj c) Oj^„_i 6 if 1 < j < i and c £ 0{n). 

• (a Oj b) Oj c = a Oj (b Oj_,;^x c) if & G 0{m) and i < j < m + i. 

• u oi a ~ a. 

• aoiu — a. 

These equations can be translated into commutative diagrams which describe the 
relations for arbitrary 1^, see |Murlla| Remark 2.6]. 

An operad morphism (j): O — >■ P is a sequence of morphisms 4>{n) : 0{n) V{n) 
in 'V, n > 0, compatible with the composition laws, e.g. in the category of modules 
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over a commutative ring, 

(j){m + n — l)(a Oj b) — (j){m){a) Oj (j)[n){b), (j)(l)(u) — u. 

Let be the product of countably many copies of 'f, indexed by the non- 
negative integers, with model structure defined coordinatewise. The forgetful func- 
tor 

Op(r) y^, 

O ^ {0(n)}„>o, 
has a left adjoint, the free operad functor 

T: Op(r). 

This adjoint pair is a Quillen pair. Actually, this is how we define the model 
structure on Op{y) [Murllaj . 

The y -algebra structure on is given by a strong braided monoidal functor 
y Z('^), where Z('^) is the center of [JS91| . Such a functor consists of an 
ordinary functor z: y , preserving (trivial) cofibrations, together with natural 
isomorphisms, 

multiplication : z{X) ®^ z{X') — > z{X <S)y X'), 

unit: I-g" — > z{ly), 

C(X, Y) : z{X) ^Y®<g z(X), 

satisfying some coherence laws, see |Bor941 Definition 6.4.1] and [Murllal §7]. 
Moreover, the functor z{—)®Y: y '£ must have a right adjoint for any Y 
in<r, 

Hom.g'(y, -): — > y. 

These morphism objects in y define a tensored 1^-enrichment of ^ over y ^ see 
[JK02[ Appendix]. Furthermore, since z is a functor to the center, this enrichment 
can be enhanced to a monoidal l^-category structure on For this, given two 
objects Y and Y' in we define the evaluation morphism 

evaluation: z(Hom<^(y, F')) ® Y — > Y' , 

as the adjoint of the identity in Hom<^(y, F'), and given two other objects X and 
X' in we definine the morphism in y 

r^<ff : Hom^(X, X') ®r Honi<^(r, Y') Hom^.(A Y, X' ®v Y') 

as the adjoint of 

z(Hom^(X, X') ®r Hom^(r, Y')) ®^ X ®<gY 



z(Hom.^(X, X')) z(Hom«.(r, Y')) ®^X®<gY 

C(Hom«.(y,l"),X) S 

z(Hom<^(X, X')) X ®<e z(Hom^(r, Y')) ®<g Y 

evaluation®'^ evaluation 

X' Y' 
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Definition 1.2. Let O be an operad in y. An O-algebra ^ in is an object of 
equipped with structure morphisms 

i^n- z{0{n)) (g) A'^" A, n>0, 

satisiying some compatibility relations with the composition laws and the unit of O. 
If y = 'if is the category of modules over a commutative ring, z is the identity 
functor, and we denote f„ (a (8) Ci (8> • • • ® c„) = a(ci, . . . , c„), then the relations are: 

• (a°i&)(ci, . . . , Cm+n-l) = 0.(^1, • • • , Ci_i, 6(Ci, . . . , Ci_|_„_i), Ci+„, . . . , Cm+n-l) 

if a e 0{m) and & G 

• u{c) = c. 

These relations can be translated into commutative diagrams describing the rela- 
tions for arbitrary ^, see [Murllal Definition 7.1]. 

An O-algebra morphism f : A ^ B is a, morphism in compatible with the 
structure morphisms. In the module case the compatibility condition is 

/(a(ci, . . . , c„)) = a(/(ci), . . . , /(c„)). 

In the general case, the obvious squares must commute, see again [Murllal Defini- 
tion 7.1]. 

Given O in Op{f), the forgetful functor 

Alg^(O) <^ 

has a left adjoint, the free O-algebra functor 

J-o:<^^Alg^(0). 

This adjoint pair is a Quillen pair. Actually, this is how we define the model 
structure on A\g^{0) jMurllai §8]. 

Algebras over an operad can be alternatively described by means of the endo- 
morphism operad. 

Definition 1.3. The endomorphism operad of an object Y in is the operad 
End^'(r) in Y with 

End<^(r)(n) = Hom^(y®",r). 

The unit is the identity in Y . For module categories, the composition laws of this 
operad are given by composition of multilinear maps, as in the first equation of 
the previous definition. The definition in the general case is a translation to the 
language of commutative diagrams, see |Murlla( Definition 7.1]. 

Lemma 1.4. For any operad O in Y and any object Y in , there is a bijection 
between the morphisms O End<^(y) in Op{Y) and the O-algebra structures on Y . 

Proof. The adjoint of the morphism (f>{n): 0{n) -> End.^(F)(n) — Hom<^(F®",y) 
is the structure morphism i^n '■ z{0{n)) (3 y^" — > y. □ 

In the last section, when identifying the tangent complex of the moduli stack of 
algebras over an operad, we will need the notion of module over an algebra over an 
operad that we now recall. 

Definition 1.5. Let O be an operad in Y and A an O-algebra in 'i'. An A-module 
is an object M in ^ together with morphisms 

z^„,^: z(C(n)) ® A®^*-^) ^ A, n > 1, 1 < i < n, 
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satisfying certain associativity laws. If ^€ has a zero object these laws can be 
encoded as follows: the coproduct A ]J Af in 'lo has an O-algebra structure, called 
semidirect product and denoted by A K M, 

z{0{n)) (aY[m] ^ AJJa/ 



ziOin)) (g) A®" Y[ \]1 ^(C'W) «> ^M® j Y[ 

given by the structure morphisms of the O-algebra A on z{0{n)) (g A*^", n > 0, 
the morphisms Vn^t on z(0(n)) g) g) M g) 1 < i < n, and the zero 

morphism on the rest of factors. The semidirect product Ak M is also called square 
zero extension of A by M. 

Morphisms of A-modules are morphisms in '^S' compatible with the Vn/S:. 

Remark 1.6. If O is the operad Ass, whose algebras are monoids in then an 
A-module is the same as a bimodule in the usual sense. For any O, the O-algebra 
A is itself an A-module with i — for all 1 < i < n. Moreover, if M is an 

^-module and N is an object in then M ®z{N) is an v4-module with = 
(r.5g)z(iV))C(A^,A»("-»)). 

Algebra morphisms can also be described by means of endomorphism operads 
in diagram categories. 

Given a small category /, the category of I-shaped diagrams "^^^ is the category 
of functors / — >■ and natural transformations between them. It is complete and 
cocomplete, and inherits from a biclosed monoidal structure. The tensor product 
of two diagrams Y,Y' : I ^<a is defined as 

{Y ®Y'){i)^Y{i)®Y'{i), iel. 

This category comes also equipped with a functor from 'f to its center, 

z'-.r^ zc^^), z'ixm = z{x), c'ix, Ym = c(x, y(z)). 

The right adjoint oi z' {-) (g) Y : Y ^ is the functor 

Hom<g.7(y,-): "^-^ — >r 
defined by the following end in f |Mac98[ IX. 5], 

Rom^i(Y,Y')= f Hom^(y(z),r'(z)). 
Jiei 

The next result follows readily from the previous lemma and the universal property 
of an end. 

Corollary 1.7. For any operad O in 'f , any small category I, and any diagram 
Y : I ^ ^ , there is a bijection between the morphisms O — )■ End<^/(y) in Op('^) 
and the collections of O-algebra structures on the objects Y{i) in ^ , i £ I , such 
that the morphisms in the diagram are O-algebra morphisms. 

Any functor F : J ~> I between small categories induces by precomposition a 
strong monoidal 1^-functor F* : — > , F*(Y) = YF. The morphisms 

F* (y, Z) : Honv/ (Y, Z) — > Hom^j {YF, ZF) 
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are defined by the universal property of an end. In particular F gives rise to mor- 
phisms between endomorphism operads F* : End<g'/(y) — > End<^./(FF) in Op(';^). 
Denote A the simplex category, whose objects are the finite ordinals 

n = {0 < • ■ • < n}, n > 0, 

and morphisms are non-decreasing maps. These ordinals are regarded as categories 
with morphisms going upwards « — >■ J, * < J- The category A is generated by the 
coface and codegeneracy maps, 



n 



s : n 



n. 



< i < n, 



subject to the duals of the usual simplicial relations. 

A morphism in is the same as a functor 1 — Applying the previous corol- 
lary to / = 1, we deduce the following characterization of O-algebra morphisms. 

Corollary 1.8. Given an operad O in Y and two O-algehras in , X and Y , 
defined by morphisms (f>x '■ O — > End^'(A") and (py ■ O — )■ End<'^(y) in Op('^), there 
is a bijection between the morphisms f: X ^ Y in A\gr^{0) and the morphisms 
f : X ^ Y in such that there exists a morphism (jjf'.O^ End.^i(/) making the 
following diagram commutative 



End^iX) ^ 




¥End<^{Y). 



In this corollary, the morphism 0/ is unique provided it exists since, by definition 
of end, we have pull-back diagrams as follows, n > 0, 



(1.9) End<^(A:)(n) = Hom^(A:®", AT) 4 



Hom^(X®",/) 



Hom<^(A:®'",y)4 



End<g=i(/)(n) 



pull 



Hom<^(/»",y) 



Horn. 




Y) = End^(y)(n) 



2. HOMOTOPY INVARIANCE OF ENDOMORPHISM OPERADS 

We here establish the homotopy invariance properties in Op(l^) of endomorphism 
operads of objects in This is a standard way to transfer algebra structures along 
weak equivalences in compare |BM031 Theorem 3.5], and it will have further 
applications in Section |31 

Recall that an operad morphism f : O ^ V is a, weak equivalence (resp. fibra- 
tion) in Op('^) if all morphisms f{n) : 0{n) —>■ V{n) are weak equivalences (resp. 
fibrations) in 1^, n > 0. Moreover, for any operad O in 1^, an O-algebra morphism 
/: AT — > y is a weak equivalence (resp. fibration) in PAgcg{0) if the underlying 
morphism in '^S' is a weak equivalence (resp. fibration), see [Murllal Theorems 1.1 
and 1.2]. 
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Recall from jMurllal §4] that the eategory Mor('^) of morphisms in 'lo carries a 
biclosed monoidal structure given by the product of morphisms / g, 



push 



U ®Y \V ®Y U Y 




If U (resp. X) is the initial object then f Q g — V ® g (resp. / X). 

Definition 2.1. The push- out product axiom says that if / and g are cofibrations 
then so is / g, and if either / or g is in fact a trivial cofibration then so is / g. 

The monoid axiom says that K'-cell complexes are weak equivalences, where K' 
is the following class of morphisms, 

K' ~ {/i • • • /„ ; > 1, 5 C {1, . . . , n} is a non-empty subset 
fi is a trivial cofibration if i e S*, 
/,; : — > Xi for some object Xi \\\^^ \i i ^ 5}. 

By the push-out product axiom, if 1" is a cofibrant object in , the functor 
z{—) y is a left Quillen functor, therefore Hom-^jf (Y, — ) is a right Quillen functor, 
so it preserves fibrations, trivial fibrations, and fibrant objects, as well as weak 
equivalences between fibrant objects by Ken Brown's lemma. We now prove a 
similar property for the Hom<^ functor in the first variable. 

Lemma 2.2. If f : X Y is a cofibration (resp. trivial cofibration) and Z is a 
fibrant object in '£ , then the induced morphism 

Hom<^(/, Z) : Hom^(y, Z) Hom^(X, Z) 

is a fibration (resp. trivial fibration). 

Proof. Consider a commutative square of solid arrows in Y 
(2.3) f/— ^Hom.^(r,Z) 

j/^ Hom.#(/,Z) 

V- >Hom<if(X, Z) 



where g is a trivial cofibration (resp. cofibration). We must construct a diagonal 
morphism I such that the two triangles above commute. 

The solid diagram (|2.3p is the same as a commutative square in 

z{U) ® X ^^^^^ z{U) ®Y 



z(g)(g,X 

z{V)®X 



-> Z 
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where h and k are the adjoints of h and fc, respectively. We will consider the induced 
morphism from the push-out of the left upper corner to Z, 

zig)(g,X 

Z{V) ® X 




Since z is a left Quillen functor, z{g) is a trivial cofibration (resp. cofibration), 
hence the morphism z(g) Q f : W ^ ^(^) <E)Y is a, trivial cofibration by the push- 
out product axiom. Since Z is fibrant, there exists a morphism I: z(V) ®Y ^ Z 
fitting into a commutative triangle 



z(s)©/ 




We can take I : V 



z{V)(g,Y 
Hom<g(F, Z) to be the adjoint of I. 



□ 



The following result is a consequence of the previous lemma and Ken Brown's 
lemma. 

Corollary 2.4. For any fibrant object Z in , the junctor Hom<g'(-, Z) : — > Y 
takes weak equivalences between cofibrant objects in to weak equivalences in Y . 

An immediate consequence of the following proposition is that the endomorphism 
operad of a fibrant-cofibrant object in is an invariant of its weak homotopy type. 



Proposition 2.5. Let f : X ^ Y be a morphism in ^€ . 
morphisms between endomorphism operads in Op(l^), 



Consider the induced 



End<^(X) <^ End^i(/) A Eiid^(y). 

(1) If f is a (trivial) fibration and X is cofibrant then so is do- 

(2) // / is a trivial fibration between fibrant-cofibrant objects then di is a weak 
equivalence. 

(3) If f is a (trivial) cofibration between cofibrant objects and Y is fibrant then 
di is a (trivial) fibration. 

(4) If f is a trivial cofibration between fibrant-cofibrant objects then do is a weak 
equivalence. 

Proof. Consider the pull-back diagram (|1.9p . By the push-out product axiom, the 
tensor powers X®" are cofibrant in the four cases. Hence, under the assumptions 
of (1) and (2), Hom<g'(X®", /) is a (trivial) fibration. Now (1) follows from the fact 
that (trivial) fibrations are closed under pull-backs. 

Under the hypotheses of (2), the push-out product axiom and Ken Brown's 
lemma show that the tensor powers /®" are weak equivalences between cofibrant 
objects hence Hom^ (/**", F) is a weak equivalence between fibrant objects by 
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Lemma [2.21 and Corollary 12.41 Therefore (2) follows, since the pull-back of a weak 
equivalence between fibrant objects along a fibration is a weak equivalence. 

Under the assumptions of (3) and (4), the tensor powers /®" are (trivial) 
cofibrations between cofibrant objects by the push-out product axiom. Hence, 
Hom<^(/'^", y) is a (trivial) fibration between fibrant objects by Lemma [2.21 No- 
tice that (3) follows from the same reason as (1). Moreover, by Ken Brown's lemma 
Hom<^(X®", /) is a weak equivalence between fibrant objects, hence (4) follows from 
the same reason as (2). □ 



The following corollary of Proposition 12.51 will be very useful in our study of 
moduli spaces of algebras. 

Corollary 2.6. Let fi : Xi — > he trivial fibrations between fibrant- cofibrant 

objects in ^<a , Q < i < n. The induced morphisms between endomorphism operads 



End<^n(Xo > Xn) <^ End<g>„+i(Xo ^ > X,, Xn+i) 

are a weak equivalence and a trivial fibration, respectively. 



ElLd<^{Xn+l) 



Proof. By induction on n. The case 7i = follows directly from Proposition 
Assume n > 0. Consider the following pull back diagram. 



End.^„ {Xo 



Xn){m) ^ 



■ Endcf 



^{Xo 



Xr, 



X,a+i){m) 



End.g'(X„)(m) 



Hom<i^(X 

Hom^(X®'",/„) 



: X„ 



Hom^(X^™,X„+i)4 



pull 



Hom,^(/»'",X„ + i) 



Honi^(X,f™,X„+i) = End^(X„+i) 



The morphism is a trivial fibration by induction hypothesis. We showed within 
the proof of Proposition 12.51 that, under the hypotheses of this corollary, the mor- 
phisms Hom<g'(X^'", /„) and Hom<g'(/®™, X^+i) are a trivial fibration and a weak 
equivalence between fibrant objects, respectively. Hence, this result follows from 
the facts that trivial fibrations are closed under composition and pull-backs and 
weak equivalences between fibrant objects are closed under pull-backs along fibra- 
tions. □ 



3. QUILLEN EQUIVALENCES BETWEEN CATEGORIES OF ALGEBRAS 

A morphism of operads 0: — > 'P in Op(T^) induces a Quillen pair of change of 
operad functors. 



(3.1) 



Alg^(0)^^AW(7'). 
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The functor (j>* restricts the action of to O along ip and is the identity on underly- 
ing objects in '^if, hence it preserves fibrations and weak equivalences. The functor 
0* is left adjoint to 4>*. 

We are interested in conditions on under which this pair is a Quillen equiva- 
lence. A reasonable condition is that be a weak equivalence in Op(l^), but often 
this is not enough. In f Murlla] we gave some sufficient conditions, but our assump- 
tions were not general enough for applications in homotopical algebraic geometry, 
where monoidal model categories with non-cofibrant unit arise. 

The issue is that, if O is a cofibrant operad in Op(T^) then 0{n) is cofibrant 
if n ^ 1, and for n = 1 the unit u: I — ?• 0(1) is a cofibration, see Corollary 13.131 
below. In particular, if I is cofibrant then so is 0(1), but otherwise 0(1) need not 
be cofibrant, which is a hypothesis in [Murlla( Theorem 1.3]. 

In homotopical algebraic geometry one needs the category of commutative mon- 
oids in to be a model category with fibrations and weak equivalences defined as in 
Y. If 'f is the category of chain complexes over a commutative ring k then the most 
common sufficient condition in order to guarantee this is that k be a Q-algebra. 
This is a very strong condition that we do not want to assume. The standard way 
to overcome this difficulty is to replace y with the Quillen equivalent category 
of modules over the Eilenberg-MacLane symmetric ring spectrum associated to 
k with Shipley's positive stable model structure |Shi04) . The monoidal unit is 
unfortunately not cofibrant in this category. There are actually obstructions for 
the existence of a model of Y with all these good properties, compare [LewQ l . 

We will see in the main result of this section that weak equivalences between 
operads satisfying the following property induce a Quillen equivalence p.ip . This 
generalizes [Murllal Theorem 1.3]. 

Definition 3.2. A weakly cofibrant operad is an operad O in Y such that 0(n) is 
cofibrant if n ^ 1 and the unit u: I — !• 0(1) is a cofibration. 

In order to obtain the desired generalization we need the following variant of 
Ken Brown's lemma. 

Lemma 3.3. Let F: ^ W be a functor from a model category ^ to a category 
W with a class of weak equivalences satisfying the 2-out-of-3 axiom. Assume that 
F takes trivial cofibrations to weak equivalences. If g: Y ^ Z is a weak equivalence 
in .y^ fitting into a commutative triangle 



Y 



X 




then the morphism F{g) is a weak equivalence in W . 
Proof. Apply Ken Brown's lemma to the composite 

X ^ ^ 

where X J, ^ is the category of objects under X and the first functor is the functor 
which forgets the morphism from X. The model structure on X l is refiected 
by this forgetful functor. □ 



The following lemma is the key observation. 
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Lemma 3.4. If g: X is a (trivial) cofibration and V is an object in which 

admits a cofibration from the monoidal unit / : I >— > then V ®g: V ® X V ®Y 
and g ®V : X ®V Y ®V are also (trivial) cofibrations. 

Proof. Consider the diagramatic construction oi f Q g where, for simphcity, we 
identify 1® — with the identity functor, 




Here g is a (trivial) cofibration because it is the push-out of a (trivial) cofibration 
along a map, and / g is a (trivial) cofibration by the push-out product axiom, 
therefore V ®g = {f&g)g is a (trivial) cofibration. One similarly checks that g^V 
is also a (trivial) cofibration. □ 

Given morphisms f i : Ui ^ Vi in 'i^ , 1 < i < n, the source of /i0 - • •©/„, denoted 
s(/i ■ • • fn), is the colimit of a diagram indexed by the category with objects 
{i,j), n > i > j > 1, whose only non-identity morphisms are {i,i) ^ ihj) ~^ 
n > i > j > 1. Notice that two non- identity morphisms can never be composed. 
The objects of this diagram are 

(z, i) • ■ • V^-i Vi+i • ■ • K, 

{i,j) Fi • • • Vj-i Uj Vj+i • • • Vi^i [/, Vi+i • • • K, i> j, 

and the morphisms induced by («, z) ^ {i,j) are id'^^-'"^^ 0/j0id®^"~-'^ and 

^ (g)id®'-"~*-' , respectively. The colimit of this diagram can be inductively 
constructed by means of (2) push-outs. 

Lemma 3.5. Suppose that "i^ is left proper. Consider n commutative squares in 
Mor('^) where the rows are cofibrations and the columns are weak equivalences 
satisfying the assumption in Lemma \3.S[ 1 < i < n, 

9i ~ ~ Si 

Then in the following diagram the rows are also cofibrations and the columns are 
also weak equivalences, 

s(/l O ■ • ■ fn) >^1^^ 1/1 • • • K 

~ ~ g[0---^g'„ 
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Proof. The rows are cofibrations by the push-out product axiom. The right vertical 
arrow decomposes as 

Lemma 13.31 and the monoid axiom show the i**^ factor is a weak equivalence, so 
5i €5 • • • <8) 5^ is a weak equivalence too. 

Since is left proper, the same argument shows that the left vertical arrow can 
be inductively constructed by taking push-out in (2) diagrams of the form 



• 4- 



Therefore it is a weak equivalence by the gluing property for weak equivalences in 
left proper model categories. □ 

Proposition 3.6. Let O be a weakly cofibrant operad in Y . Consider a push-out 
diagram in Alg<^(C') as follows. 

To{Y)^Fo{Z) 



push 

f 



A- 

Suppose that A is cofibrant in and f is a cofibration. Then the morphism f : A ^ 
B is a cofibration in , in particular B is cofibrant in . 

Proof. Since is a left Quillen functor, the objects 2;(0(n)) are cofibrant in 
for n 7^ 1, and ^(0(1)) admits a cofibration from the tensor unit. Therefore, 
by the push-out product axiom and Lemma [3^ the morphism [Murllal (15)] is a 
cofibration in ^. Furthermore, by |Murlla| Theorem 8.3] the morphism /' : A ^ B 
is a transfinite composition of cofibrations in ^, hence a cofibration in itself. □ 

Lemma 3.7. Suppose that O is a weakly cofibrant operad in . Then any cofibrant 
O-algebra in ^€ is also a cofibrant object in . 



The proof of this lemma is the same as the proof of |Murlla[ Lemma 9.4], but 
applying Proposition 13.61 instead of jMurlla| Proposition 9.2 (2)]. 

Corollary 3.8. Let O be a weakly cofibrant operad in y . Then, the forgetful 
functor Alg<^(C') — preserves cofibrations with cofibrant source. 

Compare [Murllal Corollary 9.5]. 

Lemma 3.9. Suppose is left proper, <f>: O ^ V is a weak equivalence between 
weakly cofibrant operads in 'Y , and we have a push-out diagram in Algcgj(O), 



push 

f 



16 



FERNANDO MURO 



where J is a cofibration in and A is a cofibrant O-algebra. If the unit rj of the 
adjunction p.ip evaluated at A is a weak equivalence rjA: A (f)*(j)^:A, then it is 
also a weak equivalence when evaluated at B , rjs ■ B ^ (f)*(l)i,B . 

The proof of this lemma is the same as the proof of |Murlla( Lemma 9.6] with 
the following modifications: A and are cofibrant in ^ by Lemma 13.71 the 
push-out product axiom must be applied together with Lemma 13.41 and [Murllal 
Lemma 4.4] must be replaced with Lemma 13.51 

Remark 3.10. In the proof of [Murllal Lemma 9.6] we invoke [Murllal Lemma 
4.4], which does not apply if Y is not cofibrant, but Lemma [3751 above does always 
apply. 

The following theorem is the main result of this section. 

Theorem 3.11. If ^S" is left proper then p.ip is a Quillen equivalence. In partic- 
ular the derived adjoint pair is an equivalence between the homotopy categories of 
algebras, 

HoAlg^(0)?=iHoAW(P). 

The proof of this result is the same as the proof of [Murlla( Theorem 1.3] 
applying Proposition 13.61 instead of jMurlla| Proposition 9.2 (2)]. 

The following two results show that there are enough weakly cofibrant opcrads 
in Op(r). 

Lemma 3.12. If (j): V O is a cofibration in Op(l^) with weakly cofibrant source, 
then (j){n): V{n) ^ 0{n) is a cofibration in 'f for all n > 0. In particular O is 
also weakly cofibrant. 

Proof. Denote / a set of generating cofibrations with presentable sources in Y. 
Recah from [Murllaj that the forgetful functors f^^i^: {C/„}„>o ^ Ui have left 
adjoints Sj : ^ — >■ , « > 0, and In = Ui>oSi(/) is a set of generating cofibrations in 
Moreover, !F{In) is a set of generating cofibrations in Op('>^). We can therefore 
suppose that is a relative J-"(/N)-cell complex. In this case, the description of push- 
outs along free morphisms in Op(l^) [Murllal Theorem 5.4], the push-out product 
axiom, and Lemma [X^ show that (t>{n) is a relative ci^-ceW complex, where cY C y 
is the subcategory of cofibrations, and hence a cofibration in 'f . □ 

Corollary 3.13. Cofibrant operads in are weakly cofibrant. 

This follows from the fact that the initial operad V is given by Vin) — the 
initial object for n ^ 1, and the unit u: \~y — > V(\) is the identity, so it is weakly 
cofibrant. 

4. Mapping spaces 

If O' is a cosimplicial operad then the change of base operad functors like 0* 
in (|3.ip give rise to a simplicial category Alg^.(0*). Recall from [DK801 §4.3] 
the notion of cosimplicial resolution. If is a category with weak equivalences, 
we denote wW the subcategory of weak equivalences. From now on, we assume 
further that ^€ is left proper. 
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Lemma 4.1. If O* is a cosimplicial resolution of a weakly cofibrant operad O in 
Y , then there is a weak equivalence 

\wAlg^.{0)\^\wAlg^iO*)\. 

Proof. By Theorem 13. Ill all faces and degeneracies in A\g<^{0*) are right adjoints 
of a Quillen equivalence, therefore all faces and degeneracies in w A\g,^{0*) induce 
weak equivalences on nerves. This implies that the iterated degeneracies induce a 
weak equivalence 

\wA\g^iO'>)\^\wA\g^{0')\. 

For the same reason the weak equivalence — ^ O induces a weak equivalence on 
nerves, 



\wA\g^iO)\ ^ |u;Alg.^(0")|. 



□ 



Denote fw'^fc the category of fibrant-confibrant objects in and trivial fibra- 
tions between them. Under the assumptions of the previous lemma, define the 
simplicial category as the following pull-back, 

(4.2) >wA\g^{0') 



p. 



pull 



inclusion 



Here we regard the two categories in the bottom as constant simplicial categories, 
and p, is the forgetful simplicial functor. Notice that ^„ is the category of triv- 
ial fibrations between ©"-algebras whose underlying objects in are fibrant and 
cofibrant. 

Lemma 4.3. The inclusion induces a weak equivalence, 

Moreover, given a cosimplicial resolution O' in 0'p{Y), the upper row in (|4.2p 
induces a weak equivalence, 

\&,\^\wA\g^{0')\. 

Proof. The first part of the statement follows from |Rez961 Lemmas 4.2.4 and 4.2.5]. 

Moreover, by the same results the inclusion C w Alg<g>(0") induces a weak 
equivalence 

|^„| |w;Algv(0")|, n>0, 
hence the second map in the statement is also a weak equivalence. □ 

Recall that the category of simplicies AK of a simplicial set K is the category 
whose objects are pairs (n, a:) with n > and x S Kn- A morphism a: (n,x) — > 
(m, y) in AK is a morphism a: n — !> m in A such that the induced map a* : K„i 
Kn takes y to x, a*{y) = x. This category comes equipped with a natural projection 
functor pk '■ AK — >■ A : (n, x) n. This construction defines a functor from the 
category of simplicial sets to the category of categories over A, 

Sef^"" — > Cat ; A, 
K i—> Pk. 
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Lemma 4.4. If Y is a fibrant-cofibrant object in and O* is a cosimplicial reso- 
lution in Op{y), then \. Y\ is weakly equivalent to Op('^)(0*, Eiid<g"(y)). 

Proof. Wc will use an alternative construction of the bisimplicial set i Y\ in 
terms of endoniorphisni operads. Clearly, 

(4.5) \p'tiy\s= n Op(r)(0*,End^s(Xo^---^X,)). 

Xo^ ^X,^Y in fw-iff^ 

Notice that the set indexing this coproduct is \{fw'^fc) i Y\s. In order to describe 
4, F| in terms of the right hand side of (|4.5I) . we consider the functor 

E: (Al-^l)"? Op(r), 
(n,Xo ^ > X„) ^ End^„(Xo ^ > Xn). 

Notice that Xq ■ • • — > Xn is a functor X : n — >■ Given a morphism a: (n, X) — ^ 
(m, X') in the category of simplices, with the notation introduced in Section [l] the 
induced morphism E{a) is a*: End<i^m(X') — > End-^n (X). We also consider the 
functor 

Fy : {fw'^sc) iY 

{X ^Y) ^ X, 

and the composite functor 

mfw^^f.) i Y\r (Ar^D- ^ op(r) set^-. 

Taking the left Kan extension |Mac98[ X.3] of this functor along the opposite of the 
canonical proyection from the category of simplices to A, we obtain a bisimplicial 
set 

One can easily check that the (s, t) set of this bisimplicial set is the right hand side 
of (|4.5I) . Moreover, this defines an isomorphism between this bisimplicial set and 

We need two more functors 

Ly,Cy: A\{fw'^f,)iY\^A\':^\, 
LY{n,Xo^ >X^^Y) = {n+l,Xo^---^ X„ ^ F), 

Cy(n,Xo ^ ^ X„ ^ y) = (o,y), 

and two natural transformations, 

Sy: A\Fy\ Ly, SY{n,Xo ■ ■ ■ ^ X^ ^ Y) = r+\ 

^y:Cy=^ Ly, <;y (n, Xo ^ • ■ • ^ X„ ^ y) = {d^'r+K 
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For simplicity, denote K ~ \{fw'^fc) iY\. We claim that the following morphisms 
of bisimplicial sets are weak equivalences, 

L!inp..0piy){O',EiA\FY\rn 

Laiipop Op(,r){0\E{5Y)) 
Laiipop Op{r){0' ,E{c;y)) 

LanpOpOp(r)(0-,i?C°P) 

It is enough to notice that, at the (n, •) simplicial set, we have the coproduct 
indexed by \{f'w'iofc) i i^U of the morphisms of simplicial sets obtained by applying 
Op('^)(0', — ) to the weak equivalences of operads in Corollarv 12.61 'n>{), 

U Op(y)(OVEnd^„(Xo^---^X„)) 

Xo^---^X„^Y in fw-igj^ 

(d„ + i). 

U Op(r)(0*,End^„+i(Xo ^ >X,,^Y)) 

Xa^---^Xri^Y in fw'^f^ 

U Op(r)(o-,End^(r)) 

Xo~^ >X„^Y in /uj-^/e 

These arrows are weak equivalences by [DK80( Corollary 6.4]. 

In order to complete the definition of the weak equivalence claimed in the state- 
ment we notice that 

Laupo^p 0p{r){O',EC°yP) = \{fw'^f,)lY\ x Op(r)(OV End^(y)). 

The category {fw^fc) i Y has a final object, the identity in Y , hence it has a 
contractible nerve and the projection onto the second factor of the product gives 
rise to a weak equivalence 

Lan^o^P 0p(r)(O',ii;(A|Cy|)°P) ^ Op(r)(0',End^(r)). 

□ 

We can now proceed with the main theorem of this section. 

Theorem 4.6. Let O be a weakly cofibrant operad in 'Y . The homotopy fiber of 
the morphism induced by the forgetful functor AlgQ ('^) "t^, 

\wAlg^{0)\ \wn 

at a fibrant- cofibrant object Y is Mapop(:<')(0, End<^(y)). 

Proof. By Lemma we can apply |Rez96i Lemma 4.2.2] to the simplicial functor 
p','- ^» fw'^fc- This, together with Lemmas 14.11 and 14.31 proves the statement. 

□ 
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5. Geometric applications 

In this section we place ourselves in a liomotopical algebraic geometry (HAG) 
context |TV08[ 1.3.2.13] with underlying symmetric monoidal model category 7^. 
In particular is combinatorial, proper and pointed, and the category Comm('X^) 
of commutative algebras (i.e. monoids) Amy and their module categories Mod{A) 
inherit combinatorial proper model category structures with fibrations and weak 
equivalences defined by the underlying morphisms in "f. Actually Mod(^) inherits 
all the structure from and is itself the underlying symmetric monoidal model cat- 
egory of a new induced HAG context. Hovey's unit axiom must hold, i.e. tensoring 
a cofibrant replacement of I with a cofibrant object yields a weak equivalence, see 
[Hov99, Definition 4.2.6 (2) and Lemma 4.2]. Notice that since is combinatorial, 
it is A-presentable for a certain regular cardinal A. 

The category ASy of affine stacks is opposite to Comm('^). A simplicial 
presheaf is a (contravariant) functor from affine stacks to simplicial sets, 

i.e. a (covariant) functor from Comm(';^). The category SPr{ASy) of simplicial 
presheaves carries a model structure where weak equivalences (resp. fibrations) are 
pointwise weak equivalences (resp. fibrations) of simplicial sets. 

The simplicial presheaf represented by a commutative algebra A is 

KSpec(A) = Mapco^,„(r)(^, -)■ 

This functor is defined by a cosimplicial resolution of A and a functorial fibrant 
resolution in Comm(';^). In order to turn RSpec into a functor 

R Spec : ASy — > SPr(Affr) 

we must choose a functorial cofibrant resolution in Comm(';^). The model category 
of prestacks Aff^ is the left Bousfield localization of SPr(Aff^) with respect to the 
image by RSpec of weak equivalences between affine stacks. 

As part of our HAG context, we have a subcanonical model topology r on Aff -;^. 
The model category of stacks Aff^'^ is a left Bousfield localization of Aff^ with 
respect to a certain set of hypercovers, see jTV05| CoroUary 4.6.2]. We regard 
HoASy'^ as a full subcategory of Ho Aff^^ through the derived right Quillen func- 
tor of this left Bousfield localization. We similarly regard HoAff^^ as a full sub- 
category of HoSPr(Aff^). Representable simplicial presheaves are stacks, called 
representable or affine stacks. The final stack * is representable, * = IRSpec(I). 

Geometric stacks are defined from a certain class of morphisms P in AfF-^, which 
is also part of the HAG context. Intuitively, quoting Toen and Vezzosi, geometric 
stacks are quotients of representable stacks by equivalence relations whose struc- 
tural morphisms are in P. The infinitesimal theory is controlled by full subcate- 
gories C y and £/ C Comm('>^) playing the role of the aisle of a i-structure in a 
tensor triangulated category and rings in the heart of the ^-structure, respectively. 

Example 5.1 ( |TV08[ §2.3.2, §2.3.4, §2.4.1]). Some examples of HAG contexts we 

are interested in are: 

(1) Y — "Vo the category of complexes over a Q-algebra k (we use homo- 
logical grading, i.e. degree —1 differentials) where weak equivalences are 
quasi-isomorphisms and fibrations are levelwise surjective morphisms, = 
Comm(';^) the whole category of differential graded commutative (DGC) 
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k-algebras, P the formally perfect morphisms, i.e. morpliisms of DGC 
k- algebras A ^ B whose cotangent complex L^/a is perfect, and r the 
strongly etale topology, whose coverings are sets of morphisms {A — > Aijig/ 
of DGC k-algebras such that, for all i ^ I, Ho{A) iJo(^i) is an etale 
k-algebra homomorphism, the morphism 

H4A) ®H„{A) Ho{A,) H^{A,) 

is an isomorphism of graded iJo(Ai)-algebras, and there exists a finite subset 
J C I such that the left derived change of coefficient functors 

(- (S\ Aj)jeJ ■■ HoMod(A) — > Yl HoMod(Aj) 

refiect isomorphisms. 

(2) Y and r as above, the category of complexes M with i?„M = for 
all n < 0, £/ the category of commutative DG k-algebras with homology 
concentrated in degree 0, which is essentially the same as the category of 
commutative k-algebras regarded as complexes concentrated in degree 0, 
and P the formally perfect and formally infinitesimally smooth morphisms. 
A morphism of DGC k-algebras A ^ B satisfies this second condition 
when for any DGC k-algebra morphism f : B ^ R with R in £/ and any 
morphism g: L/j/^ — ;> M in HoMod(i?) such that the homology of M 
is concentrated in positive degrees, the following composite vanishes in 
HoMod(S), 

^B/A ^ ^R/A M. 

(3) Y the category of modules over the Eilenberg-MacLane spectrum Hk of an 
arbitrary commutative ring k with the positive model structure of |Shi04) . 
Yq the subcategory of connective _ffk-modules M, i.e. 7r„M = for all 
n < 0, the category of commutative iJk-algebras with homotopy con- 
centrated in degree 0, which is essentially the same as the category of 
Eilenberg-MacLane spectra of commutative k-algebras, and r and P as in 
the previous example. Obviously, we must replace homology groups with 
homotopy groups in order to obtain the correct definitions in this context. 

These three contexts are not general enough, they have special features, e.g. 'V is 
stable. We refer the reader to |TV08| for different kinds of examples. Moreover, (3) 
extends (2) through the Eilenberg-MacLane functor. The problem with (2) is that 
it does not work over arbitrary rings, because the category DGC algebras does not 
admit a transferred model structure, so we must unavoidably pass to the category of 
spectra, although we may think heuristically of complexes. We are really interested 
in the last HAG context, we just give the first one as an example of HAG context 
such that P contains all formally perfect morphisms. Moreover, (2) and (3) satisfy 
Artin's conditions, unlike (1), so geometric stacks have a nice infinitesimal theory. 

Let rx '■ X ^ RX and qx '■ QX ^ A" be fibrant and cofibrant replacement 
functors in Y, respectively. 

The dual of an object F in 7^ is — MHom^ ( Y, I) . For the sake of simplicity, let 
us assume that Y is fibrant and cofibrant. An object Y is perfect if the composition 
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of the two vertical morphisms in the fohowing diagram is a weak equivalence in 1^, 
(5.2) 

Y ®^ Hom-^(I, Y) ® Hom^(r, Rl) — ^ Hom^ (QI, Y) ® Honit/(r, Rl) 

RomyiQI ® Y,Y (^Rl) 
RUom-riY, Y) ^=^= Homr (y, Y) > Hom-^(gi ® Y, R{Y ® Rl)) 

Hom y (qi^idy ,rYis,mii<iY®rY)) 

In this case, this zig-zag represents an isomorphism Y = RHomy(y, F) in 

Ho y. An example of perfect object is the free object of rank n, 

i?(QlU-"-UQl), 

i.e. the derived coproduct of n copies of the monoidal unit {n is finite). An object 
is projective if it is a homotopy retract of such a free object. Projective objects are 
also perfect. A cellular object concentrated in the (finite) interval of integers [a, b] 
is the a- fold suspension of a projective object if a = 6, and the homotopy cofiber of 
a morphism F — > X with X a cellular object concentrated in degrees [a, b — 1] and 
F the (6 — l)-fold suspension of a projective object. We can allow negative values of 
a and b if 'V is stable. Cellular objects concentrated in a finite interval are perfect 
too. In Example l5.ll (1). (2) and (3) all perfect objects are cellular concentrated in 
a finite interval. 

The representable stack R End .v/(y) of endomorphisms of Y is given by 

REnd.^(r)(A) =Map,^(r,r®^) ~MapMod(A)(^«'^:^«)^)' 

and the representable substack MAut-^ (Y) of automorphisms of Y is defined by the 
connected components 

R Ant., AY) (A) C REnd-^(F)(A) 

of automorphisms oiY®)A in Ho Mod(74) [TV08| Lemma 1.3.7.13 and Proposition 

1.3.7.14]. 

We also consider the stack QCoh of quasi-coherent modules |TV08[ Theorem 
1.3.7.2], 

QCoh(A) = \wMod{A)cl 

where Mod(yl)c C Mod(^) denotes the subcategory of cofibrant objects, and the 
substacks Perf of locally perfect modules jTV08( Definition 1.3.7.5], Perf of 
locally cellular modules concentrated in [a, 6], and Perfy of modules locally induced 
by Y. An ^-module M is locally perfect (resp. locally cellular concentrated in [a, b], 
or locally induced by Y) if there is a r-cover {A Ai}i^j with M ®\ Ai a perfect 
Ai-module (resp. a cellular A^-module concentrated in [a, 6], or weakly equivalent 
to Y ®^ Ai). The simplicial sets Perf (A), Perf ^„ ^ {A) and Perf y {A) consist of the 
connected components of |wMod(yl)c| spanned by the A-modules M satisfying the 
corresponding property. 

In order QCoh, Perf , Perf ^ and Perf y to be strictly functorial we should re- 
place Mod(v4) with the equivalent category of quasi-coherent ^-modules introduced 
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in |TV08| §1.3.7], but for the sake of simplicity we will keep the current notation. 
We will do the same whenever this problem arises. 

Proposition 5.3. The stack Perf is categorically locally X-presentable (i.e. as a 
simplicial presheaf it takes X-filtered homotopy colimits in Comm('X^) to X-filtered 
homotopy colimits of simplicial sets ) and has an affine diagonal. Moreover, if P 
contains all formally perfect morphisms (or just perfect if X = 't^Q and I is Hq- 
presentable) then Perf is 1-geometric. The same holds for Perf ^ and Perf y . 
which is the classifying stack of the affine group stack RAut-^(y). 

This result is similar to jTV08| Proposition 2.3.3.1]. The proof is the same, 
mutatis mutandis. An atlas of Perf is given by 

Y[ U RSpec(A) Perf, 

A M 

where A (resp. M) runs over a set of weak equivalence classes of A-presentable 
cofibrant commutative algebras (resp. cofibrant perfect A-modules), and the map 
MSpec(A) — >■ Perf corresponding to a perfect ^-module M is represented by the 
connected component of M in Perf (A). If we restrict M to be locally cellular 
concentrated in [a, b] or locally induced by Y we obtain atlases for Perf and 
Perf y . respectively. 

The final statement follows from the fact that the homotopy sheaf TTnf Perf y) is 
the final sheaf, and the homotopy pull back of * — > Perf y <— =1= is weakly equivalent 
to MAut-^(F) by |TV08[ Corollary A. 0.4]. In particular, the essentially unique 
morphism * — Perf y is an atlas. 

We need weaker hipotheses if Y is free. 

Proposition 5.4. IfY is free andP contains all formally smooth morphisms (or 
just smooth i/ A = Kg and I is ^Q-presentable) then Perfy is 1-geometric. 

This follows from the fact that, under the hypotheses of this proposition, Perfy 
is the stack of vector bundles of fixed rank which is studied in detail in the last part 
of [TV081 §1.3.7]. 

We can weaken the hypothesis on P if we strengthen the hypotheses on our 
homotopical algebra context. 

Proposition 5.5. Suppose that for any cellular object Y in Y concentrated in 
[— n, 0], any commutative algebra R in , and any R-module M whose underly- 
ing object in 'f lies in 'fo, there are no non-trivial morphisms from Y to EM in 
Ho'V (or equivalently from I to Y'^ ®^ Y,M). Assume further that P contains all 
morphisms which are formally inifinitesimally smooth and formally perfect. Then 
Pcrf[Q f,j is l-geometric. The same holds for Perfy if Y is a cellular object concen- 
trated in [a,b]. 

The statement of this proposition isolates what is needed to extend the proof 
of jTVOSl Proposition 2.3.5.4] in the context of Example 15.11 (2) to a general con- 
text. The proof is again the same, mutatis mutandis. The HAG context in Exam- 
ple [13] (3) also satisfies the hypotheses of this proposition. 

Let us now turn to our results on moduli spaces of algebras over operads, for 
which we need the previous results on perfect objects. 

Let O be a weakly cofibrant operad in y. The category Mod{A) of modules over 
a commutative algebra A in Y will play the role of in previous sections via the 
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strong symmetric monoidal functor z ~ — (x) A. Tlie clrange of coefficients functor 
— B: Mod{A) — > Mod(i3) induced by a morphism A ^ B oi commutative 
algebras in 'f preserves O-algebras in these module categories. Hence we can 
consider the simplicial presheaf Alg,^(C') defined by 

Alg,^(0)(A) = I^Al 

&Mod(A) 

Here A\g^^^f^j^^{Oy C Algi^j^^j^^) (O) denotes the full subcategory spanned by those 
O-algebras in Mod(A) whose underlying ^-module is cofibrant. 

One can straightforwardly check that Alg,^ (O) is a stack along the lines of similar 
results in |TV08j using the strictification theorem in [TV081 Appendix B]. We call 
Alg,^(C') the moduli stack of O-algebras. This stack comes equipped with a forgetful 
morphism 

/•^i Alg,^(0) QCoh. 
We also consider the substacks Algp^^^(C'), A\g^^^^{0) and Alg^(C') defined by 
(homotopy) pulling back, 



^AlgJO) 



-> QCoh 

These are the moduli stacks of O-algebras on locally perfect modules, on locally 
cellular modules concentrated in [a, 6], and on modules locally isomorphic to Y, 
respectively. 

Theorem 5.6. Suppose Y has a set of generating cofibrations with cofibrant sources. 
Let O be a weakly cofibrant operad in Y and Y a perfect object. The homotopy 
pull-back of fp^j.f along any morphism RSpec(A) Algp^^^(O) is representable. 
In particular, Algp^^^(O), Algj^^j(O) and Alg^(O) are l-geometric if P contains 

all formally perfect morphisms (or just perfect if X — and I is Wo-presentable) . 
Moreover, Algj^^j(O) and Alg^(O) are l-geometric if F contains all morphisms 
which are formally infinitesimally smooth and formally perfect and Y is cellular 
concentrated in a finite interval. 

Proof. By Theorem 13.111 and Corollary 13.131 we can suppose without loss of gen- 
erality that O is cofibrant, and moreover an J-"(/N)-cell complex in the sense of the 
proof of Lemma 13.121 Hence this theorem is a consequence of the following two 
lemmas. □ 

The cofibrancy condition on the sources of generating cofibrations added to Y 
in the statement of Theorem 15.61 makes 'f a tractable model category in the sense 
of [BarlOj . We do not know a single example of a left proper combinatorial model 



Alg^(O) 



-^A!gp„,(0) 



Perfv 



Perf, 



aM 



^ if y is cellular 
concentrated in [a, 6] 



-4 Perf ■ 
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category that is not tractable, therefore the extra hipothesis on does not seem 
to be restrictive. 

The foUowing lemma is a special case of Theorem 15.61 It can be applied to the 
initial operad, which is free on the initial object. 

Lemma 5.7. If O is a free operad on a cofibrant object then the homotopy pull-back 
o//p^j.f along any morphism g: MSpec(A) — )■ Algp^^j.(0) is representable. 

Proof. The morphism g is classified by a locally perfect A-module M, that we can 
suppose to be fibrant and cofibrant. 

Suppose O = T{U) for some U — {Un}n>o cofibrant in Y^, i.e. each Un is 
cofibrant in r. We define the stack Map^^^^^ (J"(C/), EndMod(A) (M)) of J"(C/)- 
algebra structures on M as 

Map^^^,,^ (TjU) , EndMod(A) iM))iB) = [] MapMod(.i) ® M«^", M ®^ B) 

n>0 

for any commutative A-algebra B, i.e. this is a stack in the induced HAG context 
over Mod(A). This stack is represented by the free commutative A-algebra C 
generated by 

n>0 

where M"^ denotes the dual of M in Mod(A). 

Notice that, by adjunction, Map^^^ .^^ {T{U), EndMod(A) {M)){B) is weakly equiv- 
alent to 

K = Mapop(r)(-^(t^),EndMod(B)(M^B)), 

where M ®a B denotes a fibrant replacement of M ®^ B in the category of B- 
modules, but we cannot define the stack Map^^^^^ (J^(J7), EndMod(yi) (-^J^)) in this 
way since K is not functorial in B. 
Consider the morphism 

/i:MSpec(C)-^Algp^^.^(^(C/)) 

represented by the vertex in Algp^^j(J^(C/))(C) C \w Pi{g^^^f^(j^{F{U)Y\ determined 
by the fibrant-cofibrant C-module M ®a C with the J^([/)-algebra structure defined 
as follows. Let rx'- X ^ RX and qx '■ QX X he now fibrant and cofibrant 
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replacement functors in Mod{A), respectively. We look at the zig-zag in Mod(yl) 
f/„ ® M®^» 0^ HomMod(A) (M, M) 



Un (E> M®^"^ ®A HomMod(A)(Q^ ®A M, R{M ®a RA)) }>id^^^^^^«^„^®^10 



{Un (E) M«5-*") (E,A M (E)A Af^ 

^ shuffle® A id^,^v 

M (E,A {Un M®-*") ®A 

idM® A inclusion 

M(8)4 C 



M(g)A C. 



Here, the morphism 'inclusion' is the restriction of the unit of the free A-algebra 
adjunction. We choose a morphism 



Vn-Un® 



M®aC 



representing this zig-zag in HoMod(A). If we apply the lifting axiom to the follow- 
ing commutative square in Mod(C), 

Un ® (M ®A Cr-- ) Af^C 



-+0 



Un ® {M ®A C)®^" 

where denotes the zero C-module, we obtain a morphism 

vn ■■ Un ® (AmrC)®^" M^C. 

These niorphisms i^n define the desired J^([/)-algebra structure on AI (g)^ C. 
Denote I: A C the unit of C. The following diagram of stacks 



(5.8) 



RSpec(C) — > MSpec(A) 



(T{U)) >Perf 

SPcrf^ ^ " fJ^(u) 
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commutes up to the homotopy a : gl* fpcri^h defined by the edge (i.e. 1-simplex) 

in Perf(C) C |wMod(C)c| given by the trivial cofibration M (^a C >-> M i^a C. 

In order to finish the proof, it is enough to notice that ()5.8|) is a homotopy pull- 
back. This follows from the fact that for any A-algebra B, diagram (15. 8p induces a 
weak equivalence between the homotopy fiber of 1*{B) at A — > i? and the homotopy 
fiber of fpi^iB) at M (E)a B. Indeed, the homotopy fiber of at A ^ B is 

weakly equivalent to K since C represents the stack of J^(f7)-algebra structures on 
M, and the homotopy fiber of fp}^^ (B) at M ®a B is weakly equivalent to K 



by Theorem 14.61 It is a tedious but straightforward task to check that the map 
induced by (15. 8p between these homotopy fibers can be identified with the identity 
in K through these weak equivalences, hence we are done. □ 



The next lemma allows the proof of Theorem 15.61 by induction. 

Lemma 5.9. The homotopy pull-hack of fp^^^: Algp^^^(— ) Perf along any mor- 
phism RSpec(A) — )■ Perf takes homotopy colimits of weakly cofihrant operads to 
homotopy limits of stacks. In particular, it takes homotopy push-outs of weakly 
cofihrant operads to homotopy pull-backs of stacks. 

Proof. Mapping spaces are known to take homotopy colimits in the first variable to 
homotopy limits of simplicial sets. This fact and Theorem 14.61 prove the claim. □ 



Corollary 5.10. The functor Algp^^^(— ) takes homotopy colimits of weakly cofi- 
hrant operads to homotopy limits of stacks. In particular, it takes homotopy push- 
outs of weakly cofihrant operads to homotopy pull-hacks of stacks. 

Given a locally perfect A-module M classified by g : RSpec(A) Perf we define 



the representable moduli stack of O-algebra structures on M as the homotopy pull 



back of fp^^f along g, which is the same as the homotopy pull-back of fPf^. along g 



if M is locally cellular concentrated in [a, b], and we denote it by 

Map^^^,,^(0,EndModU)(M)). 

This name is justified by Theorem 14.61 and it is compatible with the terminology 
in the proof of Lemma 15.71 

Let F be a perfect object in Since * Perf y is an atlas, the canonical map 

Map^p(^^(0,End.^(y)) ^ Alg^(O) 

is also an atlas, and we can regard Alg.^(C') as a quotient of Map^^^^^ (O, End^(F)) 

by the action of the representable group stack RAut.^ (Y) classified by Perf y , as in 
the classical case sketched in the introduction. 

The following definition is needed for the computation of tangent complexes of 
the moduli stack of O-algebras on locally cellular objects concentrated in a finite 
interval. 

Definition 5.11. Let O be an operad and A a commutative algebra in Y. The 
space of derivations of an O-algebra B in Mod(^) with values in a _B-module M is 
the space WDer'^lB, AI) defined as the homotopy fiber of 

{B K M -» B%: MapAig„„^^^^(o)(^,5 x M) MapAig„„^^^^(o)(i?, i?) 

at the identity in B. One can arrange the construction of RDer^ (_B,M) to be 
functorial in M. 
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The module of derivations of i? in M is the object WDer^{B,M) in Mod(yl) 
representing the simphcial presheaf 

Mod(^)°P — ^ Set^°^ 

i.e. this simphcial presheaf is weakly equivalent to Mapj,^„,j(- 4-)(— ,R Der '^fi?, M)), 
with the model structure on simphcial presheaves where weak equivalences and 
fibrations are defined pointwise. 

Proposition 5.12. Under the hypotheses of Theorem \5.b\ if we assume in addition 
that the suspension functor in Ho Mod(yl) is fully faithful, then the tangent complex 
of the stack Algp^^^(O) at a point MSpec^ Algp^^j.(C') classified by an O-algebra 
B in Mod(A) is 

TAig^(0),B-SMDcr2(B,B). 

The equivalence in the statement takes place in the stabilization of Mod(A), in 
the sense of [HovOlj . if Mod(A) is not stable. The proof reduces to showing that 
both objects represent the same presheaf in the stabilization of Mod(yl)o = 1^ n 
Mod(yl). An abstraction of the argument in jTVOSi Proposition 2.2.6.9] works with 
minor modifications, compare also |TV08[ Corollary 2.3.5.9]. We do not reproduce 
this argument here. 

Let Ass and uAss be the operads for associative and unital associative algebras 
in Y , respectively. These operads are given by 

Ass(O) — the zero object, uAss(O) = I, Ass(n) = uAss(7i) = 1, n > 0, 

and all composition laws are the obvious morphisms (either trivial or isomorphisms) . 
The unique morphism 

^p : Ass uAss 

is a model for the map forgetting the unit from unital associative algebras to asso- 
ciative algebras. Let 

: Aoc ^ uAoo 
be a cofibrant replacement of ip in Op{'V). 

Proposition 5.13. In the HAG contexts of Example I5.il (2) and (3), given a 
commutative algebra A in 'f and a locally perfect A-module M the morphism of 
affine stacks 

V^*: MapQp^^^(uAoo,EndMod(A) W) — > Map ^p^,,^^(Aoo,EndMod(A)(A?')) 
is a formal Zariski open immersion. 

Proof. Example 15.11 (2) is extended by (3), so it is enough to consider this second 
context. Since V'* is a morphism between representable stacks over RSpec(A), we 
can take a morphism of commutative A-algebras, 

ip : Aoo — > uA 

representing ip*. 

By [TV08| Remark 1.2.6.2 and Corollary 1.2.6.6] we must show that -0 is a 
homotopy epimorphism of A-algebras in the sense of jMurllbl Definition 2.1], i.e. 
we must prove that for any commutative yl-algebra B, the morphism 

tp* : Mapcomm(Mod(A))("^oo, ^ Mapco„j^(Mod(A)) (^oo , ^) 
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induces an injection on ttq and isomorphisms in all higher homotopy groups 7r„, 
n > 1, with all possible base points. 

By Theorem 14.61 the map ip* is weakly equivalent to 

{M(g)A B)). 

Here, M ®a B denotes a fibrant-cofibrant replacement of the S-module M (^a B. 

The Quillen equivalence between iJk-modules and DG-modules over k IShi07] 
induces a Quillen equivalence between their categories of operads. Therefore, by 
[Murllbl Theorem 2.3], "0* induces an injection on sets of connected components 
and isomorphisms in all higher homotopy groups, hence so does ?/;*. □ 

The following result is a consequence of |TV08[ Proposition 1.3.6.3 (2)]. 
Corollary 5.14. In the HAG contexts of Examvle \5.1\ (2) and (3), the morphism 

'^*^Algj^,.](^A-)^Algj^,.](Aoo) 

is a formal Zariski open immersion for any pair of integers a < b. So it is the 
morphism 

V;*: Alg^(uAoo) Alg^(Aoo) 
for any perfect object Y in . 

Remark 5.15. This remark is about Example l5.1l (3). but for most of the discussion 
we can take Y to be the category of DG k-modules. The model categories of 
(associative but not necessarily unital) DG k-algebras and Aoo-algebras are Quillen 
equivalent. The bar and cobar constructions define an adjoint pair |LH03[ Lemme 
1.2.2.5] 

B 

Alg-^(Ass) = DG-algebras ; > DG-coalgebras 

n 

such that ^IB{A) is cofibrant if A is a DG-algebra with underlying bounded complex 
of finitely generated projective k-modules. In order to compute MapAig ^(43g)(A, — ) 
we can tensor the DG-coalgebra B{A) with the cosimplicial DG-coalgebra Ch.(A', k) 
of normalized chains of standard simplicies with coefhcients in k and then take the 
cobar construction, 

MapAig.^(Ass)(^, -) = HomAig.^(Ass)(f^(B(^) a(A',k)), -). 

Such a trick also applies to the computation of Map^(A^, —) for TV a cofibrant object 
in r, 

Map.^(7V,-) = Hom^(iV8)C,(A',k),-). 
This can be used to compute KDer*^^(A, M), for M any A-bimodulc, from the very 
definition. It is a perturbation of the DG-module 

(5.16) 0I]i-"Homr(A®",M) 

n>l 

by the Hochschild differential, 

S: Homr(A®", M) — ^ Homr (A®^"+^\ M), n > 1, 

n 

6{ip){ai, . . . , a„+i) = aiip{a2, . ■ . ,a„+i) + ^(-l)V(ai7 • • ■ , aiOi+i, . . . , a„+i) 

1=1 

+ (-l)"+V(ai,---,an)an+i- 
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The Hochschild complex, whose homology (up to passing to cohomological grading 
and shifting by 1) is the Hochschild cohomology HH*{A, M) of A with coefficients 
in M , is defined in the same way but adding an extra direct summand for n = to 
(j5.16p . In particular we get a long exact sequence, 

> Hn{M) HnRDeik^A, M) HH^-''{A, M) i?„_i(Af) - . 

The aforementioned Quillen equivalence identifies, up to quasi-isomorphism, the 
DG k-modules RDerf,°°M,M) and MDerf "(A, A//). Moreover, Corollary [SH im- 
plies that if A is unital then 

TrAlg^(uA^),A - TAlgy(Ao„),A, 

therefore, by Proposition l5.13[ 

RDerg*°° (A, A) ~ RDerg°° (A, A) ~ KDerf "(A, A). 

This computation says that the 'right' cohomology theory for unital DG- algebras is 
still Hochschild cohomology, despite it seems not to take into account the existence 
of a unit, compare |HM101 6.6.7]. 

There is also a cobar construction for Aoo-algebras producing a DG-coalgebra 
|LH03[ Definition 1.2.2.3]. This construction can be applied to the computation 
of these DG-modules of derivations, with the only difference that the Hochschild 
differential becomes more complicated jLH03| §B.4]. 

If instead of a DG or Aoo k-algebra we had taken an Aoo-algebra over an iJk- 
algebra, then we should replace the Hochschild complex by the topological Hoch- 
schild cohomology spectrum, compare |Laz01j . 

References 

[BarlO] C. Barwick, On left and right model categories and left and right Bousfield localizations, 
Homology, Homotopy Appl. 12 (2010), no. 2, 245-320. 

[BM03] C. Berger and I. Moerdijk, Axiomatic homotopy theory for operads, Comment. Math. 
Helv. 78 (2003), no. 4, 805-831. 

[Bor94] F. Borceux, Handbook of categorical algebra 2, Encyclopedia of Math, and its Applica- 
tions, no. 51, Cambridge University Press, 1994. 

[CB93] W. Crawley-Boevey, Geometry of representations of algebras, A graduate course given 
in 1993 at Oxford University, http://wwwl.niaths.leeds.ac.uk/ pmtwc/geomreps.pdf , 
1993. 

[DK80] W. G. Dwyer and D. M. Kan, Function complexes in homotopical algebra. Topology 19 
(1980), no. 4, 427-440. 

[Gab74] P. Gabriel, Finite representation type is open. Proceedings of the International Confer- 
ence on Representations of Algebras (Carleton Univ., Ottawa, Ont., 1974), Paper No. 10 
(Ottawa, Ont.), Carleton Math. Lecture Notes, No. 9, Carleton Univ., 1974, p. 23 pp. 

[GJ99] P. J. Goerss and J. F. Jardine, Simplicial Homotopy Theory, Progress in Mathematics, 
no. 174, Birkhauser Verlag, Basel, 1999. 

[Hin97] V. Hinich, Homological algebra of homotopy algebras. Comm. Algebra 25 (1997), no. 10, 
3291-3323. 

[Hin03] , Erratum to "Homological algebra of homotopy a/geferas", |arXiv:math/0309453|>'3 

[math.QA], 2003. 

[Hir03] P. S. Hirschhorn, Model categories and their localizations, Mathematical Surveys and 
Monographs, vol. 99, American Mathematical Society, Providence, RI, 2003. 

[HMIO] J. Hirsh and J. Milles, Curved Koszul duality theory, arXiv: 1008 . 5368vl [math.KT], 
2010. 

[Hov99] M. Hovey, Model categories. Mathematical Surveys and Monographs, vol. 63, American 

Mathematical Society, Providence, RI, 1999. 
[HovOl] , Spectra and symmetric spectra in general model categories, J. Pure Appl. Algebra 

165 (2001), no. 1, 63-127. 



MODULI SPACES OF ALGEBRAS OVER NON-SYMMETRIC OPERADS 



31 



[JK02] G. Janclidzc and G. M. Kelly, A note on actions of a monoidal category, Theory Appl. 

Categ. 9 (2001/02), 61-91, CT2000 Conference (Como). 
[JS91] A. Joyal and R. Street, Tortile Yang-Baxter operators in tensor categories, J. Pure Appl. 

Algebra 71 (1991), no. 1, 43-51. 
[LazOl] A. Lazarev, Homotopy theory of ring spectra and applications to MU -modules, - 

TheoryJC 24 (2001), no. 3, 243-281. 
[LewQl] L. G. Lewis, Jr., Is there a convenient category of spectra?, J. Pure Appl. Algebra 73 

(1991), no. 3, 233-246. 

[LH03] K. Lefevre-Hasegawa, Sur les Aoo-categories, Ph.D. thesis, Universite Paris 7, 2003, 

arXiv:math/0310337vl [math.CT]. 
[LMBOO] G. Laurnon and L. Moret-Bailly, Champs algebriques, Ergcbnissc dcr Mathernatik und 

ihrcr Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics, vol. 39, 

Springer- Verlag, Berlin, 2000. 
[Mac98] S. MacLane, Categories for the working mathematician, second ed.. Graduate Texts in 

Mathematics, vol. 5, Springer- Verlag, New York, 1998. 
[Murlla] F. Muro, Homotopy theory of non- symmetric operads, Algebr. Geom. Topol. 11 (2011), 

1541-1599. 

[Murllb] , Homotopy units in A-infinity algebras, arXiv:1111.2723vl [math. AT], Novem- 
ber 2011. 

[Rez96] C. Rezk, Spaces of algebra structures and cohomology of operads, Ph.D. thesis, Mas- 
sachusetts Institute of Technology, May 1996. 

[Shi04] B. Shipley, A convenient model category for commutative ring spectra, Homotopy theory: 
relations with algebraic geometry, group cohomology, and algebraic ii'-theory, Contemp. 
Math., vol. 346, Amer. Math. Soc, Providence, RI, 2004, pp. 473-483. 

[Shi07] , HZ-algebra spectra are differential graded algebras, Amer. J. Math. 129 (2007), 

no. 2, 351-379. 

[SSOO] S. Schwede and B. E. Shipley, Algebras and modules in monoidal model categories, Proc. 

London Math. Soc. (3) 80 (2000), no. 2, 491-511. 
[TV05] B. Tocn and G. Vezzosi, Homotopical algebraic geometry. I. Topos theory. Adv. Math. 

193 (2005), no. 2, 257-372. 
[TV08] , Homotopical algebraic geometry. H. Geometric stacks and applications, Mem. 

Amer. Math. Soc. 193 (2008), no. 902, x-|-224. 

Universidad db Sevilla, Facultad de Matematicas, Departamento de Algebra, Avda. 
Reina Mercedes s/n, 41012 Sevilla, Spain 
Home page: http://personal.us.es/fmuro 
E-mail address: fmuroSus.es 



